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1 Introduction 

Probably the first application of self-dual metrics, by which we mean metrics with the 
self-dual Riemann tensor, was proposed in 1930's (see [T] and references therein). An 
increased interest in this subject started in 1970's. It was stimulated by Plebahski's 
reduction of the self-dual Einstein (SDE) equations [2j, Penrose's concept of nonlinear 
graviton jHI (note that a similar idea was already in PJ) and works of Hawking and 
Gibbons on gravitational instantons IHE]. 

In 1988 Ashtekar et al ■B] reduced SDE equations to a system of equations for null 
vector fields analogous to Nahm's equations [7] in the theory of nonabelian magnetic 
monopoles. Chakravarty et al [8 found explicit relations of these equations with the 
Plebahski equation. In 1994 Husain ^ derived an infinity of conservation laws from 
Ashtekar's formulation and described self-dual metrics in terms of solutions to the system 
analogous to chirial equations, with the Poisson bracket as the commutator. Since the 
chirial equations are completely integrable, Husain's approach seems specially suitable 
for studying completely integrable reductions of the SDE equations [101 HH II2| • In order 
to create new possibilities of the reductions the Husain equation was recently generalized 
by replacing the Poisson bracket by that of Moyal jlSl HI] • 

The main purpose of this paper is to complete Husain's approach to self-duality. 
By counting free functions in the Cauchy problem Husain argued that his description 
covers all self-dual metrics. This argument is not fully convincing. In section 2 we prove 
rigorously that, indeed, Husain's approach is equivalent to the standard Plebahski's 
description. In section 3 we derive contact symmetries of the Husain equation. 

Let M be a complex 4-dimensional manifold with metric g. In the framework of the 
Ashtekar approach the self-duality of the corresponding Riemann tensor can be encoded 
into the existence of four independent vector fields e^, // = 0, 1, 2, 3, such that [Hj 



[eo, ei] = 0, [62, es] = 0, [cq, 62] + [ci, 63] = 



(1) 



and 




(2) 
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where L denotes the Lie derivative and e is a volume form. If is the basis of 1-forms 
dual to then 

e = a(^° A6'i A6'2 A0^), (3) 
where a is a function. Up to a constant factor the corresponding metric is defined by 

g = a{Q''Q'' \QH^). (4) 

Thus, is a conformal null basis for the metric. Note that e is not the invariant volume 
form. 

Following ^ one can relate with the vectors coordinates g, p, q and a function 
f2 (denoted by p, r, s and a in jH]) satisfying the Plebahski equation |2] 

r2 ppf2 fi pgfi qp 1. (5) 

In terms of f2 the metric tensor takes the form 

g = Q^pp dp dp + Q^pg dp dq + Q^gp dq dp + Q^gg dq dq (6) 

and the general expression for is given by 

eo = a{u^qdp - u^pdq), ei = a{-v^qdp + v^pdg) (7) 

62 = a[{-V^gn^pp + V^pVt^gp)dg + {V ^g^t ^pg " V^pVt^qg)dp] 

63 Ct[( U gill pp -\- U^p^^gp)Oq -\- (tt (jrfipg ti ^pf2 gg) Sp] . 

Here 

a = (u^qV^p - v^qU^p)-^ (9) 
and u, V are solutions of the covariant "wave" equation 

^,qq^,pp ~l~ ^,pp^,qq ^,qp^,pq ^,pq^,qp 
^,qq'V,pp ~l~ ^,pp'^,qq ^,qp^,pq ^,pqV,qp 

such that a is regular. For u = q and v = p vectors ((Tj), (jH)) simplify to 

eo = dp , ei = dg (11) 

62 ^,qpdg ^^qqdp , 63 ppOq -\- Vt pqdp. (-^2) 

Remark 1. Under assumptions (0) equations (Cj) reduce to (10) and the equation 

^,pp^,qq ^,p(f^,qp — h{p, q) , (13) 

where h ^ 0. One can obtain h = 1 by transforming p and q. 

In Husain's approach [4^ solutions of and (j2|) have the following form in some 
coordinates p', q', p', q' (denoted by t, x, g in 14,) 

e'Q = dp>, e[ = dg> (14) 



(10) 
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e'g — 9p' + A g/pidq' — A^qiqidp' , 63 — dq' — A^pip'dqi + A^piqidp'. (15) 

Vectors are independent iff 

0! = A^qiqik^pipi — k^qip'k^piqi 7^ . (16) 

The corresponding metric tensor is given by 



g = A^p'p/dp'dp' + A^p/q'dp'dq' + A^q/p'dq'dp' + A^q'q'dq'dq' 
+a'-^[{A^q>p:dp' + A^q>q,dq'f + [Ayp'dp' + Ap,q>dq'f] 



(17) 



(Note that the original metric of Husain P| contains erroronous signs coming with ex- 
pressions containing dp' and dq' .) 

Substituting (|Ti|) . (fTHjl to equations ((H) yields 

A,p'p/ + A^qiqi + A^qtptA^piq' — A^qiqiA^pipi = h' {p' , q') , (18) 

where h' is a function of two variables. Shifting A by an appropriate function of p' and 
q' transforms (fTSj) to the Husain equation 

Ayp/ + A^q/q/ + A^qipiA^piqi — A^qiqiA^pipi = 0. (19) 

In terms of potentials Aq/ = A^q/, Api = —A^pi equation ()19j) takes the form 

dp.Aq, - dq,Ap, + {Ap, , A,, } = (20) 

dpiAp, + dq^Aq, = , (21) 

where { } denotes the Poisson bracket with respect to p' and q'. Equations (jSOI), 
are analogous to the chirial equations (see e.g. |11]). 

2 Equivalence 

Due to results of Chakravarty et al |HI it is clear that vectors (HH), (fT3j) can be represented 
in the form ((Tj), (jH)). Let a solution A of (fTHj). satisfying condition (fTBj) . be given. It 
follows from ((Tj) and (fT^ that p', q' are independent of p and and that p', q' coincide 
with V and u, respectively, modulo functions of p and q. Let us assume the simplest 

case 

p' = V, q' = u, p' = p, q' = q. (22) 

Note that p and q are not yet defined as functions of the primed coordinates. Under 
(j221) vectors (fT^ take the form 0. Compatibility of (fTHjl with (jH)) requires 

e2{p) = e's{p)=0 , e',{q) = e',{q) = (23) 

and 

e'2(g) = eU^^,p) , e'M = -e'^i^p) , 
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where are given by (fT^ and (fT^ . Equations define coordinates p, q. They 
admit nontrivial solutions since [62,63] = 0. It follows from and that 

dp = dp' — a'~^{k^pipidpi + A^q'p'dq') ^^^^ 

dq = dqi — a'~ {K^piqidpi + A^q/q/dqi), 

where a' is given by (fTHI) . 

Upon an integration and a possible change of Q, equations (j^^ yield 

A,p' = , A,g/ = (26) 

Equations p6|l admit solutions with respect to Q since the integrability condition 

(A,^0,.- = (A,,-'),p- (27) 

is satisfied due to (^Kj) . 

Thus, vectors (HH), (fT3j) can be put into the form ©, Equations (fTUj) and (fT^ 
are neccessarily satisfied (see Remark 1). Hence, every solution of the Husain equation 
defines some solution of the Plebahski equation. 

Consider now the reverse transformation. Let a solution Q of equation (fT!?|) be 
given together with the class of vectors ((Zj), (jHI) depending on functions u, v restricted 
by equations (fTUj) . In order to guarantee equality of the r.h.s. of ^ and (fT^ we 
assume that the primed coordinates are given by (j^^ with functions u, v which are to 
be defined. Vectors (jH)), when expressed in terms of the primed coordinates, acquire 
components spanned by dq', dp'. They simplify to those in (|TH|) provided 

u,p = -es{v), v^p = es{u) (28) 



u,q = e2{v), v^q = -e2{u), (29) 

62 and 63 being given by p2|l . Conditions on components spanned by dq', dp' in (jHI) and 
()15|) give rise to (after an integration and an allowed transformation of A). 

Thus, in order to construct the transformation leading from ((7j) and (jH)) to ()14|) and 
(fT3j) one should prove the existence of solutions u, v, A of equations (j^ . and ((211) • 
Consider PH)) as evolution equations with respect to the 'time' p and (jSH)) as constraints. 
Denote X = u^q — e2{v) and Y = v^q + 62 (m). A repeated use of equations and the 
commutation properties (0) shows that 

X,p = -es{Y) , Yp = e^iX). (30) 

It follows from pO|l that constraints ()29|) are preserved when p changes. For a fixed 
initial value of p equations possess solutions since they can be treated as evolution 
equations with respect to q. Thus, solutions u, v of equations (j2HI), exist and are 
defined by two functions of coordinates q and p. 

Comparing the g-derivative of ()28|) with the p-derivative of ()29|) yields equations 

(6062 + 6163)^ = , (6062 + eie3)v = (31) 
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which coincide with the 'wave' equations (fTUI) . Hence, the functions u, v can be used 
to define vectors (jH)). It remains to show that equations admit solutions for A. 
This is true since the integrabihty condition 

(^,p),g' = (32) 

is a consequence of transformation and equations (f^ . (j^ . Since vectors ((Tj), 
(jH)) can be put into the form (fT^ . p5|) the function A satisfies neccessarily the Husain 
equation ()18|1 . Summarizing, we obtain the following theorem. 

Theorem 1. Transformation h2(^] relates solutions of the Plebanski equation II 1,^) with 
h ^ to solutions of the Husain equation il^} satisfying condition / lifij) . Equations H2S^} . 
\2'^] define unprimed coordinates in terms of primed ones and equations ^2^) . ^2^) . 
define the reverse transformation of coordinates. 

Note that transformation ()2(ij) is a kind of the Backliind transformation (see e.g. pT]). 



3 Symmetries of the Husain equation 

In this section we obtain contact symmetries of equation (fn^l . Since the symmetry 
methods are rather standard we present final results on infinitesimal symmetries 
and we give more details on their integration. 

It is convenient to replace coordinates p' , q' hj z = p' + iq' , z = p' — iq' and to denote 

= p', q' . Then equation (fTT^ and metric (fTH|) take the form 

A,.i= ^{A,i,A,J, (33) 

g = A^^Adzdx-^ + A^^Adzdx^ + {A^^^)~^A^^AA,zBdx^dx^ , (34) 

where { } is the Poisson bracket with respect to x^. 

Let z, z, x^, A, A^, A^, Aa be coordinates of the first jet space, which is an arena space 
for contact transformations. The general infinitesimal contact symmetry of ()33|) is given 
by the following vector field 

V = HaA + KaA + f^dA + (a,/i,a. + Aj/i,A, -h-h + cA + f^dA (35) 

+ (cA, - /i,,)aA, + (cA~, - h^r)j ^A- + {f^A - f^,A^B + cAa) ^A^ 

Here h = h{z,Az), h = h{z,Az), c =const, functions f,f^ depend only on coordinates 
x^ and 

fA = c. (36) 

It is easy to see that vector field (35) generates a group of transformations such that 
the new coordinates x'^ are given by 

x'^ = F^(x^), (37) 
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where 

det{F^j^) = a = const . (38) 
It also follows from (35) that there are functions G, if, G, H of two variables such that 

z' = G{z,X,) , a;, = //(^,A,) , 

z' = G{~z,^,) , A',, = H{z,A,) . (39) 
Substituting (j39|) into the condition A'^, = A'-, ^, yields 

G,,//,A. - ii,.G,A, = G,,H,A, - H,,G,A, = (3 = const . (40) 

It turns out that the only remaining condition for the above transformation to be a 
symmetry of is 

a = P . (41) 
Summarizing, we obtain the following result. 

Theorem 2. The continuous contact symmetry group of the Husain equation is given 
by P^-(|7?l). Elements of this group preserve the metric up to the constant factor a. 

1 



4 Conclusions 

We have shown that any solution of the Plebahski equation defines a class of solutions 
of the Husain equation and vice verse (Theorem 1). Vectors (fT^ . ()15|) yield a particular 
solution of equations ((l}, Q, whereas expressions ((Zj), (jHl) represent the most general 
solution. We have found all continuous contact transformations of the Husain equation 
(fTTHl (Theorem 2). 
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